We investigate the effect of surface/interface elasticity in the presence of nanoparticles, embedded in a semi-infinite elastic medium. The work is motivated by the technological significance of self-organization of strained islands in multilayered systems. Islands, adatom-clusters, or quantum dots are modeled as inhomogeneities, with properties that differ from the ones of the surrounding material. Within the framework of continuum elasticity theory, the Papkovitch-Neuber displacement methodology coupled with Gurtin's surface elasticity yields an analytical solution. The elastic field is expressed in terms of four sets of spherical and cylindrical harmonics. Surface elasticity introduces an additional length scale and results suggest that local stresses are significantly affected by the size of the nanoparticles.
Introduction
Self-assembly presents a promising alternative in fabrication of quantum dots. The main requirements for applications are size uniformity and high spatial density of dots. Currently, uniformity is on the order of 10% and no systematic approach has been proposed for its improvement. Covering of the first generation of islands or dots by a cap layer (say, of a substrate material) and growth of subsequent generations of dots result in the ultimate development of a two-dimensional superlattice. The spatial uniformity of island structures was first addressed by Tersoff et al. [1996] . Their islands were modeled as spherical inclusions (same properties as the surrounding material) in an elastic half-space, a problem that was originally solved by Mindlin and Cheng [1950] . Tersoff et al. [1996] chose to effectively treat the islands as point sources (centers of dilatation) in a semi-infinite matrix. In most material systems used in practice, however, quantum dots and the surrounding material do not have identical material properties.
The presence of inhomogeneities in elastic media has been a well studied subject in applied mechanics for several decades [Mura 1987 ]. Until recently, however, almost all such studies have been concerned with either an infinite medium or a semi-infinite body without including surface effects, either on the plane boundary, Keywords: surface/interface effects, inhomogeneity, half-space.
or at the matrix/inhomogeneity interface. Mindlin and Cheng [1950] first studied the thermoelastic stress in a semi-infinite solid containing a spherical inclusion subjected to dilatational thermal expansion. Tsuchida [1970; 1972] derived a threedimensional solution for displacements and stresses in a half-space having a spherical cavity, for various loading conditions. The classical solution for the elastic state of a spherical inhomogeneity in a semi-infinite elastic body without incorporating surface effects was obtained by Tsutsui et al. [1974] .
These problems were solved within the context of classical elasticity, without accounting for size effects. It is well known, however, that under certain circumstances, surface elasticity can be of importance. For material structures with one or more dimensions at the nanometer scale (for example, thin film and nano-sized inhomogeneities), the surface area to volume ratio becomes significant. Consequently, surface effects have a major influence on the local stress-strain field.
The physical origin of the surface stress can be explained by the nature of the chemical bonding of those atoms close to the surface. The loss of the translational symmetry in the direction normal to surface results in a different bonding configuration in the vicinity of the surface, when compared to the one in the bulk. The atoms at and close to the surface lose some of their neighbors or are bonded to some "wrong" neighbors. As a result, the equilibrium interatomic distance for such atoms is different from the bulk atoms. This phenomenon results in an "excess" stress for atoms close to the surface.
The theory of isotropic surface elasticity was established by Gurtin and Murdoch [1975a; 1975b; 1978] . Cahn and Larche [1982] studied the mechanical and chemical equilibrium of a small spherical precipitate in an infinite matrix of a different phase. Recently Sharma et al. [2003] derived closed-form expressions for the displacements and stresses of a strained spherical inhomogeneity by using a variational approach. Sharma and Ganti [2004] also studied the elastic state of spherical and cylindrical inhomogeneities embedded in an infinite elastic medium, by combining the classical Green's function method with linear isotropic surface elasticity theory. Duan et al. [2005b] developed explicit forms of the stress concentration tensor for spherical and circular inhomogeneities with surface effects. While surface/interface effects were incorporated, all of these investigations have been limited to the study of an infinite elastic medium.
In the present work, we model a nanoparticle or island as a spherical inhomogeneity problem inside an elastic half-space. The material properties of the inhomogeneity are different from those of the surrounding material (matrix). The system is subjected to biaxial tension applied at the remote boundary of the matrix, parallel to the free surface. The ensuing three-dimensional problem is solved with the help of the Papkovitch-Neuber displacement potential theory. Section 2 illustrates the formulation of the problem of an embedded inhomogeneity in a half-space including surface/interface effects. Following [Gurtin et al. 1998 ], the displacements on the surface/interface boundary are still considered to be continuous. The tractions both on the plane boundary and at the matrix/inhomogeneity interface, however, are discontinuous, as a result of the well known Laplace-Young effects [Adamson 1982, Chapter II] . The problem is solved in Section 3, incorporating the surface/interface stress boundary conditions. Section 4 illustrates the impact of surface/interface effects as the location, size, and material properties of the inhomogeneity change. Finally, a series of conclusions are presented in Section 5. The elaborate and quite tedious mathematical formulation presented in Sections 2 and 3 is the result of a conscious decision to provide a complete, self-contained document, since the detailed methodology cannot be found elsewhere.
Displacement formulation
Let us consider a spherical inhomogeneity in a semi-infinite elastic solid, as shown in Figure 1 . The center of the inhomogeneity coincides with the center of the coordinate system. Cylindrical (r, θ, z) and spherical (R, θ, ϕ) coordinates will be used alternatively throughout the manuscript. Following [Gurtin and Murdoch 1978] , the plane boundary (z = −c) and the matrix/inhomogeneity interface (R = a) are modeled as thin films of vanishing depth; both "surfaces" adhere to the bulk without slipping. The model is based on the assumption of a linearly elastic and isotropic material system.
The governing equations for the bulk are given by
coupled with the equations for surfaces and interfaces derived in [Gurtin and Murdoch 1975a; 1975b ]
(1) By convention, the Roman subscripts denote the quantities belonging to the bulk and assume values from 1 to 3, while the Greek refer to the surface/interface and assume values from 1 to 2. Here u, ε and σ denote displacement, strain and stress fields in bulk; the material properties of the bulk are represented by the shear modulus G and Poisson's ratio ν; λ S , µ S and τ 0 refer to the surface Lamé constants, and the residual surface stress when the bulk is unstrained, respectively;
and n is the outward unit normal to the surface; ε S and σ S denote the surface strain and surface stress fields on the surface. Since
the surface is defined as a two-dimensional continuous space, the components of surface strain and surface stress with direction normal to the surface vanish. P i j = δ i j −n i n j is the projection tensor which allows tensor transformation between the three-dimensional bulk space and the two-dimensional surface space. In terms of the projection tensor, the surface strain is defined as the average value of the bulk strains from both sides projected onto the surface. The notion of surface gradient, surface divergence of a vector, and surface divergence of a superficial tensor can be clarified by the following identities (see [Gurtin et al. 1998 ]):
for every constant vector a, where tr is the trace. For convenience, the surface divergence of the surface stress tensor will be denoted by γ . Both in the embedded particle and surrounding matrix, the displacement field satisfies the following Navier's equation (without body forces):
In the case of axial symmetry without torsion, its solution can be expressed as superposition of two displacement fields due to potentials φ 0 and φ 3 . In cylindrical coordinates, these displacements and the corresponding strains and stresses are given by
where
∂ 2 ∂z 2 . Converting these equations to spherical coordinates via z = R cos ϕ and r = R sin ϕ, we get for the spherical components of displacements, strains and stresses
where µ = cos ϕ, and the harmonic operator now takes the form
For the purpose of completeness, we now derive general expressions for surface/interface quantities, both on the plane boundary (z = −c) and on the matrix/inhomogeneity interface (R = a). In cylindrical coordinates, the projection tensor for the plane boundary is given by
Substituting Equations (3) and (5) into the first equation of (1), and the first equation of (2), the surface strain tensor and the surface gradient of the surface displacement on the plane boundary are found to be
r,θ = 0, where the superscript f denotes the plane boundary. By the use of these relations and the second equation of (1), it is found that
where τ f 0 denotes the deformation-independent surface stress defined on the plane boundary. The length scale parameters χ f 0 , χ f 1 , and χ f 2 are defined in Equation (28) in the Appendix. The surface divergence of the surface stress tensor can be obtained by transforming the second equation of (2) into cylindrical coordinates. An explicit formula for evaluating this vector can be found in [Duan et al. 2005a , (2.2)]. As a result, the surface divergence of the surface stress γ f on the plane boundary is given by
For the matrix/inhomogeneity interface (R = a), the projection tensor is
The relevant interface quantities can be derived from this equation together with (1), (2) and (4):
where τ 0 is the deformation-independent interface stress defined at the spherical interface. The interface length scale parameters χ 0 , χ 1 , χ 2 , and χ 3 are defined in Equation (29) of the Appendix. Given the expressions for the surface divergence of the surface stress (7), the boundary conditions at the free surface can be expressed in cylindrical coordinates
At infinity,
corresponding to the far-field biaxial tension. The boundary conditions at the matrix/inhomogeneity interface consist of the displacement continuity condition and the third equation in (1). These can be rewritten as follows, using Equations (8) for the γ 's:
where the quantities denoted by an over bar refer to the inhomogeneity. In cylindrical and spherical coordinates, the general solution to the harmonic equation can be expressed in terms of cylindrical or spherical harmonics, respectively. Based on these basic solutions, four sets of displacement potentials are selected to represent the solutions to our problem. The first represents the biaxial tension applied at infinity and is given by
Here P n (µ) is the Legendre function of the first kind of order n, with P 0 (µ) = 1, P 1 (µ) = µ, P 2 (µ) = (3µ 2 − 1)/2, and so forth. In terms of cylindrical coordinates, (12) can be rewritten as
The disturbance due to the presence of the inhomogeneity can be expressed by the following three sets of displacement potentials:
for the matrix (with z > −c, R > a), and
for the inhomogeneity (R < a). In these expressions, J ν (λr ) is the Bessel function of the first kind of order ν; A n , B n ,Ā n andB n are unknown coefficients of the spherical harmonics; and ψ 1 (λ) and ψ 2 (λ) are unknown functions of the integral variable λ. With these choices of the displacement potentials, the boundary condition (10) is satisfied automatically. The unknown constants A n , B n ,Ā n ,B n and the unknown functions ψ 1 (λ), ψ 2 (λ) are to be determined by enforcing the boundary conditions (9) and (11).
Solution of the problem
The displacement potential (13) is expressed in spherical coordinates. In order to satisfy the boundary condition (9), it must be transformed into cylindrical coordinates. From [Sneddon [1951] , p.514], it is found that for z ≥ 0,
Replacing (z) with (−z), (µ) with (−µ), and with the aid of the parity property of Legendre polynomials, it is found that for z ≤ 0,
Using this, the displacement potential (13) can be rewritten as
At this point, the expressions for stress and the surface divergence of the surface stress on the plane boundary can be obtained readily by substituting potentials (12 * ), (13 * ), and (14) into (3) and (7) (see Equations (23) and (24)). By satisfying the plane boundary conditions (9), we get the relations
This is satisfied identically if
Solving this for ψ 1 (λ) and ψ 2 (λ), we obtain
where b 1 = (1 − ν)χ f 0 . These are the conditions necessary to satisfy Equation (9). The stress components on the plane boundary are reduced to (25) by substituting Equations (16) and (17) in (23).
The next task is to satisfy the boundary conditions on the matrix/inhomogeneity interface. For this purpose, we must transform the potential (14) into spherical coordinates. From [Morse and Feshbach 1953, p. 1318] , it is found that for z ≥ 0,
Replacing (z) with (−z), (µ) with (−µ), and with the aid of the parity property of Legendre polynomials, it is deduced that for z ≤ 0,
With the use of this equation, the displacement potential (14) can be expressed in spherical coordinates as
Substituting (16) and (17) into these two equations, expanding 1/(1 + 2b 1 λ) in powers of λ for small b 1 , and using Euler's integral of the second kind
(see [Gradshteyn and Ryzhik 1994, p. 357 ]), we can write
. The expressions for displacement, stress, and the interface divergence of the interface stress on the matrix/inhomogeneity interface can be derived by substituting displacement potentials into Equations (4) and (8). The elastic fields in the matrix are obtained by superposing potentials (12), (13), and (14 * ), while those in inhomogeneity are given by (15). These expressions are listed in the Appendix. To satisfy the boundary condition (11), we must have
where P n (µ) = d P n (µ)/ dµ, =Ḡ/G, and the coefficients s, t, i, l are defined in the Appendix (page 788). In Equations (19) and (20), the displacement containing α 1 , β 0 represents the rigid body motion of the matrix. We set α 1 = β 0 = 0 by viewing the matrix as a reference state. The displacement containingĀ 1 ,B 0 corresponds to the rigid body motion of the inhomogeneity. As a result, one of the two coefficients can be set to zero, so we setĀ 1 = 0,B 0 = 0. Equating the coefficients of P n (µ), P n (µ) on both sides of Equations (19)- (22), and with the aid of Equation (18), we obtain a set of linear algebraic equations leading to the unknown coefficients {A n , B n ,Ā n ,B n }.
Results and discussion
Results were obtained in order to illustrate the impact of surface and interface effects on the elastic field in the vicinity of the inhomogeneity (nanoparticle). The key parameters are the shear moduli ratio and the inhomogeneity position and size, denoted by c and a, respectively. The shear modulus of the matrix is set to G = 26 GPa, while ranges over different values of the nanoparticle's stiffness. The limiting value = 0 represents a spherical void while → ∞ corresponds to a rigid particle. Poisson's ratios are kept equal (ν =ν = 0.25) for the matrix and the inhomogeneity. The far-field biaxial tension is set at T = 100 MPa. Numerical computations indicate that the coefficients A n , B n ,Ā n , andB n decay monotonically with increasing n. These coefficients converge more rapidly for small ratios a/c. As a result, for all ratios a/c, less than 20 terms are necessary to obtain the elastic field, with an accuracy of five significant figures. When surface and interface effects are ignored, the results are compared with the classical solution of a semi-infinite elastic body having a spherical cavity or a spherical inhomogeneity [Tsuchida and Nakahara 1970; Tsutsui et al. 1974] , and were found to be in perfect agreement.
The impacts of interface and free-surface elasticity were studied separately. First, only the effects of interface elasticity were considered. The interface elastic constants were selected as λ s 4.1. Interface elasticity only: stress distribution. Normalized stress components with and without interface elasticity are shown in Figures 2-4 . Stresses at three specific points of the matrix/inhomogeneity interface vary with the ratio a/c (radius of the particle normalized by the distance from the free surface). The particle position is fixed at c = 50 nm. It is clear that the stress changes significantly when the particle size is small, for both soft ( = 0.5) and hard ( = 2) particles. In some cases, the interface effects even change the sign of the stress for small ratios of a/c. As expected, the stress fields converge to the classical solutions when the inhomogeneity size increases.
Numerical calculations are also performed to study the impact of interface elasticity on the stress distribution at R = a when a spherical particle of fixed size approaches the plane boundary. Results were similar to the ones illustrated in Figures 2-4 . As long as the particle size is of nanometer size, interface elasticity significantly changes the particle/matrix interface stresses, even if the particle is pretty far from the plane boundary (free surface).
To examine the stress distribution along the interface, calculations were carried out for various shear moduli ratios (Figures 5-6 ). For the matrix, softer particles ( < 1) are affected more than harder particles ( > 1). As seen in Figure 6 , top, the maximum shear stress τ 1 converges to the classical solution as increases when the inhomogeneity is hard ( > 1), while it deviates greatly from the classical solution when the inhomogeneity is soft ( < 1).
The maximum principal stressσ 1 is compressive, while its classical counterpart is tensile everywhere. The sign ofσ 1 has been altered by the interface effects. Unlike σ 1 ,σ 1 is more sensitive to harder particles than to softer ones. Compared toσ 1 ,τ 1 is only slightly affected by interface elasticity. It remains tensile at every point around the interface. The maximum variation ofτ 1 from the classical solution occurs at ϕ = π for soft inhomogeneity ( < 1). Figure 7 illustrates the variation of stresses σ rr and σ θ θ with r/c, at the plane boundary. The impact of interface elasticity on σ rr and σ θ θ is analogous to that on σ 1 and τ 1 : the softer the particle, the more significant the interface elasticity becomes. However, for large values of r/c (≥ 3), σ rr and σ θ θ converge to the classical solution.
By limit analysis, the solutions of the present problem with only the interface effects should approach those of a spherical inhomogeneity with interface effects in an infinite medium when a c. With the ratio a/c ≤ 0.01, the elastic field at the spherical interface is in agreement with the one obtained for the infinite medium, with an accuracy of at least five significant figures.
4.2.
Free-surface elasticity only: stress distribution. Calculations were performed to determine the free-surface elasticity effects on the stress distribution at z = −c Figure 6 . Variation of maximum shear stress τ 1 (top) andτ 1 (bottom) with ϕ at the spherical interface. The most important character of the plane surface effects is the nonvanishing shear stress σ r z at the plane boundary, as shown analytically in (25). In the classical solution, the conditions of zero traction at the plane boundary force σ r z to vanish. Figure 8 shows the distribution of σ r z with the normalized radial coordinate r/c, for c = 10 nm, a = 8 nm, and various shear moduli ratios. When the particle stiffness is not too different from the surrounding material ( = 0.5 − 2), surface elasticity is not important. Otherwise ( = 0.1, 10), its influence is significant. Nevertheless, the magnitude of σ r z is small (≤ 2% T ). The impact of the free surface effects on σ rr and σ θθ is found to be of the same order as that of σ r z . The influence on the stress fields at the matrix/inhomogeneity interface is even smaller. One can safely conclude that compared to the applied tension at infinity, the free surface elasticity may be neglected.
Summary and conclusions
The axisymmetric problem of a spherical particle near the surface of a semi-infinite elastic body was solved, incorporating the effects of surface/interface elasticity.
The solution was obtained within the framework of linear elasticity, through a displacement potential formulation.
The free surface and the interface were modeled as two-dimensional continuous spaces with vanishing thickness. Aside from the bulk material properties, the surface and interface boundaries have their own material constants (for example, the residual surface stress and surface Lamé constants). Numerical calculations indicate that the stress distribution along the plane boundary and the matrix/particle interface is significantly affected by surface/interface elasticity.
Following the analysis, one can make a few important observations:
• The impact of interface elasticity is a function of the particle size: the smaller the particle, the more important interface elasticity becomes. The elastic fields converge to the classical solution as the particle size increases (typically for a ≥ 100 nm).
• The influence of interface elasticity depends on the softness or rigidity of the particles. For the matrix, the interface effects on the stress distribution are more pronounced when the particles are soft. However, the opposite is true for the particles themselves.
• In contrast with the zero traction requirement along the free surface in the classical solution, plane elasticity yields a nonvanishing shear stress, as shown in (25) and Figure 8 . The plane surface effects become more important when the particle approaches the plane boundary. However, for distances where continuum theory is considered valid (typically ≥ 5 nm), the magnitude of the disturbance due to the plane surface elasticity is small, when compared to the applied load.
• Due to the presence of the residual interface stress (see [He and Li in press]), superposition will not be valid when one considers interface elasticity. This is critical, because it significantly complicates the problem when multiple loads (say, misfit strain and mechanical load) are applied separately.
The study presented here illustrates that models incorporating nanoparticles near surfaces cannot ignore surface and particularly, interface elasticity effects. This is especially true when one models self-organized adatom clusters and islands, since most of these structures are of nanoscale size. The important problem of strained islands due to misfit strains will be addressed in a separate communication.
The surface divergence of the surface stress on the plane boundary is
With Equations (16) and (17), Equation (23) is reduced to
With the aid of the Taylor's series expansion of 1/(1 + 2b 1 λ) for small parameter b 1 , and the relation
from [Gradshteyn and Ryzhik 1994, p. 732-733] , Equation (27) can be approximated as
where P ν n (µ) is the associated Legendre function of order n and degree ν. The length parameters in (6) are defined as
where λ f s , µ f s denote the surface Lamé moduli for the plane boundary (z = −c).
Elastic fields at the spherical interface. The displacements and stresses in the matrix at R = a are given by 2Gu R T R=a = ∞ n=0 2 3 a 1 − 2ν 1 + ν δ 0n − δ 2n + s A 1 A n + s B 1 B n−1 + s B 2 B n+1
+ s α 1 α n + s β 1 β n−1 + s β 2 β n+1 P n (µ),
1 3 aδ 2n + t A 1 A n + t B 1 B n−1 + t B 2 B n+1
+ t α 1 α n + t β 1 β n−1 + t β 2 β n+1 P n (µ), + l α 1 α n + l β 1 β n−1 + l β 2 β n+1 P n (µ),
A n a n+3 − B n−1 (n−1)(1−2ν) (2n−1)a n+1 − β n−1 a n−2 (n−1)(1−2ν) (2n−1) − B n+1 (n+2)(1−2ν) + 2(2n+3)ν (2n+3)a n+3 − α n a n−2 − β n+1 a n 2(2n+3)ν + (n+2)(1−2ν) (2n+3) µP n (µ)
δ 0n − A n (n+1) a n+3 − B n−1 n 2 (1−2ν) (2n−1)a n+1 + β n−1 a n−2 n(n−1)(1−2ν) (2n−1) − B n+1 (n+1) (n+2)(1−2ν) + 2(2n+3)ν (2n+3)a n+3 + α n a n−2 n + β n+1 a n (n+1) (n+1)(1−2ν) − 2(2n+3)ν (2n+3) P n (µ),
A n a n+3 + B n−1 (n−1)(3−2ν) (2n−1)a n+1 + β n−1 a n−2 (n−1)(3−2ν) (2n−1) − B n+1 2(2n+3)(1−ν) − (n+2)(3−2ν) (2n+3)a n+3 + α n a n−2 − β n+1 a n 2(2n+3)(1−ν) − (n+2)(3−2ν) (2n+3) µP n (µ) + ∞ n=0 1 3 (δ 0n +2δ 2n ) − A n (n+1) 2 a n+3 − B n−1 n 2 (n−2ν) (2n−1)a n+1 − B n+1 (n+1) (n+2)(n + 2−2ν) + 2(2n+3)(1−ν) (2n+3)a n+3 − α n a n−2 n 2 − β n−1 a n−2 (n−1)n(n − 1+2ν) (2n−1) − β n+1 a n (n+1) (n+1)(n + 1+2ν) + 2(2n+3)(1−ν) (2n+3) P n (µ).
The displacements and stresses in the inhomogeneity at R = a are given by
(sĀ 1Ā n + sB 1B n−1 + sB 2B n+1 )P n (µ),
(tĀ 1Ā n + tB 1B n−1 + tB 2B n+1 )P n (µ),
(iĀ 1Ā n + iB 1B n−1 + iB 2B n+1 )P n (µ),
(lĀ 1Ā n + lB 1B n−1 + lB 2B n+1 )P n (µ),
Ā n a n−2 +B n−1 a n−2 (n−1)(1−2ν) (2n−1) +B n+1 a n 2(2n+3)ν + (n+2)(1−2ν) (2n+3) µP n (µ)
Ā n a n−2 n +B n−1 a n−2 n(n−1)(1−2ν) (2n−1) +B n+1 a n (n+1) (n+1)(1−2ν) − 2(2n+3)ν (2n+3) P n (µ),
Ā n a n−2 +B n−1 a n−2 (n−1)(3−2ν) (2n−1) −B n+1 a n 2(2n+3)(1−ν) − (n+2)(3−2ν) (2n+3) µP n (µ)
Ā n a n−2 n 2 +B n−1 a n−2 (n−1)n(n − 1+2ν) (2n−1) +B n+1 a n (n+1) (n+1)(n + 1+2ν) + 2(2n+3)(1−ν) (2n+3) P n (µ).
The interface divergence of the interface stress at R = a is given by
− 2 aT τ 0 + 4(1−2ν)χ 3 3a(1+ν) δ 0n − 2χ 3 3a δ 2n +i S A 1 A n +i S B 1 B n−1 +i S B 2 B n+1
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1Ā
n +i SB In these equations, the coefficients are defined as
